The static and dynamic instabilities of a torsional MEMS/NEMS actuator caused by capillary effects are studied, respectively. An instability number, η, is defined, and the critical gap distance, g cr , between the mainplate and the substrate is derived. According to the values of η and g, the instability criteria of the actuator are presented. The dimensionless motion equation of the MEMS/NEMS torsional actuator is derived when it makes nonlinear oscillation under capillary force. The qualitative analysis of the nonlinear equation is made, and the phase portraits are presented on the phase plane. In addition, the bifurcation phenomena in the system are also analyzed.
Introduction
Torsional actuators have broad applications in the microelectro-mechanical systems (MEMS) and nano-electro-mechanical systems (NEMS) devices [1] [2] [3] [4] , such as torsional radio frequency (RF) switches, tunable torsional capacitors, torsional micromirrors, etc. Torsional actuators, like parallel plate actuators, are often fabricated to be with suspended structures which have a minimum gap distance and a large area between the moveable plate and the underlying substrate. Under the condition, some surface and intermolecular forces become very important due to the large surface-to-volume ratio and the small gap distance [5] . As a result, the structures will lose their stability, and the moveable plate could snap down and permanently adhere to their substrates due to the actions of the surface forces.
The surface forces which play important roles in the MEMS and NEMS devices include van der Waals (vdW) force, Casimir force and capillary force, etc. The vdW and Casimir forces are electromagnetic in nature, and the Casimir force can be regarded as the retarded vdW force [6] [7] [8] [9] . And they always exist between two objects close to each other. The influence of vdW and Casimir forces on the stability of the MEMS and NEMS actuators with suspended structures has been extensively reported in many literatures [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Chan et al. [10] showed that Casimir force can be used to actuate the NEMS devices under certain condition. Lin and Zhao [13] [14] [15] studied the influence of Casimir force on the nanoscale electrostatic parallel plate RF switch. They found that the pull-in and adhesion [13] when the ratio of the gap to the length was sufficiently small. They also studied the dynamic behavior of the parallel plate NEMS RF switches with the consideration of the vdW effects [14] . Guo and Zhao [16] studied the inherent instability of an electrostatic torsional NEMS actuator with the vdW and Casimir effects taken into consideration, and derived the critical conditions when the pull-in phenomena of the actuator occurred. The influence of vdW force on dynamic stability of an electrostatic torsional NEMS actuator was also studied [17] , and the bifurcation behaviors were analyzed. Gusso and Delben [18] performed a theoretical analysis focusing on the effect of the Casimir force on the pull-in parameters of electrostatic torsional actuators made from silicon. Ramezani and coworkers [19] investigated the two-point boundary value problem (BVP) of the nano-cantilever deflection subjected to Casimir and electrostatic forces, and derived the instability point of the nanobeam by using analytical and numerical methods.
Capillary force occurs between two objects when the liquid bridge forms between them [20] . It is found that even for the lowest attainable relative humidity the capillary forces are still present [21] . Suspended structures are typically made by forming a layer of the plate or beam material on top of a sacrificial layer of another material and wet etching the sacrificial layer. Thus it is easy for developing capillary force in the rinse-dry cycle following the wet removal of a sacrificial layer as the rinse solution is gradually removed. If the capillary force is large enough, the structure will collapse and adhere to the substrate. So it is very important to study the instability conditions of the MEMS and NEMS devices under capillary forces [22] . The mechanical stability and adhesion phenomena of a parallel plate MEMS actuator were studied by Mastrangelo and Hsu [23, 24] atures about the stability of a torsional MEMS or NEMS actuator under capillary forces. In the paper, the simplified one-degree-offreedom (1DOF) model is applied to study the static and dynamic instability of a torsional MEMS/NEMS actuator, which is caused by the capillary effects. And the instability criteria of the actuator and the phase portraits of nonlinear oscillation will be presented.
The capillary torque in a torsional MEMS/NEMS actuator
For a drop of liquid placed on the surface of a solid as shown in tensions, which are denoted by γ LA , γ SA and γ SL , respectively. At equilibrium, these tensions satisfy Young's equation [25] [26] [27] [28] 
At the equilibrium state, the energy of the system in Fig. 1b is [29] 
where U S 0 is a constant, γ l the surface energy of liquid, and γ l = γ LA .
The force F is related to the interfacial energy by
Since the volume of the drop, V l = 2π r 2 l z, is constant, then dr l /dz = −r l /2z. Thus the capillary pressure, q, exerted on the rigid plate is
The pressure is proportional to the term γ l cos θ c , known as the adhesion tension. Pressure q is attractive or repulsive depending on the sign of cos θ c and is nonlinear with respect to the spacing z with a singularity at z = 0.
A torsional MEMS/NEMS actuator mainly consists of a mainplate, a torsional beam and a substrate (as shown in Fig. 2 ). The schematic of its 1DOF model is shown in Fig. 3 , where the mainplate of the device is considered to be a tiltable rigid body in a first-order approximation. Hence, the angle of torsion ϕ is the only variable in the model (shown as Fig. 3 ). When the mainplate rotates anti-clockwise an angle ϕ, the capillary differential forces acting on an arbitrary infinitesimal area dS (as shown in Fig. 2 ) at the both sides of torsional beam are, respectively,
where θ c is the contact angle of liquid-solid interface, and d is the gap distance between mainplate and substrate. So the torque of two capillary differential forces to fixed torsional beam can be derived as 
where R is the radius of the mainplate. Due to d/R 1, the tilting angle is small, and an approximation is used, i.e., sin ϕ ≈ ϕ. Therefore, the maximum tilting angle is ϕ 0 ≈ sin ϕ 0 = d/R. Furthermore, the normalized tilting angle, β = ϕ/ϕ 0 , is introduced, where the value of β is in the range of 0 and 1. Thus Eq. (6) can be rewritten as
where S = π R 2 is the area of mainplate, and g is a dimensionless gap distance, which equals to d/R. When the mainplate rotates around the torsional beam, a restoring torque will be produced. The torque is caused by elastic restoring force of the beam, which can be simplified as a flexure spring with torsional stiffness, K . Then elastic restoring torque of the torsional beam can be expressed as (8) where G, I ρ , l, respectively, denotes the shear modulus, the polar moment of inertia and the length of the torsional beam. The polar where r is the radius of the torsional beam.
Static instability caused by capillary torque
For the system in Fig. 3 , the stability condition is the equilibrium between capillary torque and elastic restoring torque of torsional beam, i.e., M cap = M els . So the equilibrium equation of the system can be derived, and its dimensionless form is
where η is a dimensionless quantity, and it is the ratio between the capillary torque and elastic restoring torque. η = Γ · f , where the dimensionless quantity Γ equals to Sγ l /K , which is the ratio between the surface energy and elastic energy, and f = cos θ c /g 2 , which is a shape factor.
It can be derived from Eq. (9) that the expression of η is
The critical value of η can be calculated by
Furthermore, according to η = Γ · f , we can derive the critical gap distance of instability
We can define the dimensionless quantity, η, as an instability number. When η > 1, i.e., the gap distance g < g cr , the capillary torque is always greater than the elastic restoring torque, and the torsional actuator is unstable. An arbitrary small angle perturbation of the torsional actuator can lead to the pull-in and collapse of the structure. On the contrary, when η < 1, i.e., the gap distance g > g cr , the capillary torque is smaller than the elastic restoring torque. The system can not lose its stability until the tilting angle reaches a certain value. These results can be intuitively illustrated in Fig. 4 . The values of geometric and physical parameters in the calculation are listed in Table 1 . The value of the tilting angle is dependent on the gap distance. The function relation of d and β can be derived by Eq. (10), which is illustrated in Fig. 5 .
In Ref. [16] , the influence of the vdW and Casimir effects on the inherent instability of an electrostatic torsional NEMS actuator was studied. We can compare the vdW and Casimir effects with capillary effects. The vdW torque and Casimir torque expressed by normalized tilting angle can be derived as [11] , respectively,
where Introduce two dimensionless quantities, M cap/vdW and M cap/Casimir ,
where M cap/vdW is the ratio between capillary torque and vdW torque, and M cap/Casimir is the ratio between capillary torque and Casimir torque. The logarithm function curves of two dimensionless torques are shown in Fig. 6 . It can be shown that capillary torque has a much longer range than the vdW and Casimir torques.
Dynamic instability caused by capillary torque
If the dynamic effects are considered in the process of the rotation, the mainplate will make nonlinear oscillation. In the section, the phase portraits of the nonlinear oscillation will be presented, and the bifurcation behaviors of the system will be analyzed. With the inertial and damping effects taken into consideration, there exist an inertia torque and a damping torque in the model, where C and I are the effective damping constant and inertia moment of the mainplate, respectively.
When the oscillation occurs, the dimensionless equation of motion including capillary torque can be written as
where the dimensionless quantities are
and T is a characteristic time. Equation (18) is a second-order nonlinear and inhomogeneous ordinary differential equation. The qualitative analysis of the nonlinear equation is made below to obtain the whole properties of the solutions.
Setting dβ/dτ = ψ , Eq. (18) can be transformed into the following autonomous system
The Jacobian matrix of the autonomous system is 0 1
where
and the prime denotes the differentiation with respect to β. The corresponding eigenvalues of the Jacobian matrix are
The equilibrium states of the autonomous system depend on the solutions of the equation F (β) = 0. According to the values of the instability number η and the dimensionless gap distance g, we can discuss the equilibrium states of the autonomous system by following three cases:
For a specified value of the dimensionless gap g satisfying the condition, the equation F (β) = 0 has two real roots with the (ii) When η = 1, i.e., g = g cr .
When the dimensionless gap g approaches the critical value g cr , the point of intersection Q 2 tends towards the point Q 1 , and they finally converge at the point Q 1 (0, 0), which satisfies simultaneously the equation F (β) = 0 and the equation F (β) = 0. The eigenvalues of corresponding Jacobian matrix are two repeated zero roots when the parameter μ = 0, and a zero root and a nonzero real root when μ = 0. In addition, the nonzero real root is negative if the parameter μ > 0, and is positive if μ < 0. So when the dimensionless gap g reaches critical value g cr , the equilibrium point (β, ψ; μ) = (0, 0; 0) becomes a fork bifurcation point.
(iii) When η > 1, i.e., g < g cr .
The structure is instability, and the pull-in will automatically happen when η > 1, i.e., g < g cr . So the autonomous system has no equilibrium point in the case.
Summary
The static and dynamic instabilities of a torsional MEMS/NEMS actuator caused by capillary effects are studied in the present paper. Due to the action of capillary effects, the torsional MEMS/ NEMS actuator can be inherently instable. In certain condition, the actuators can collapse and permanently adhere to their substrates in the process of fabrication. An instability number η is defined in the paper, and the critical gap distance g cr between the mainplate and the substrate is derived. And then the instability criteria are presented.
The dynamics analysis of the torsional NEMS actuator shows that it makes nonlinear oscillation under capillary torque. The dimensionless motion equation of the nonlinear oscillation is presented. The qualitative analysis of the nonlinear equation shows that the equilibrium points of its corresponding autonomous system include stable focus point, center point, and unstable saddle point. The phase portraits show the periodic, heteroclinic and homoclinic orbits. There are bifurcation phenomena in the nonlinear system, and the Hopf bifurcation point and the fork bifurcation point are presented, respectively.
